Proceedings of the 2009 IEEE International Conference on Systems, Man, and Cybernetics
San Antonio, TX, USA - October 2009

Differential Evolution with Polymorphic Schemes

Christian Veenhuis

Berlin University of Technology
Berlin, Germany
veenhuis @ googlemail.com

Abstract—In recent years a new evolutionary algorithm for
optimization in continuos spaces called Differential Evolution
(DE) has developed. If one wants to apply DE one has to
specify several parameters as well as to select a scheme. Several
schemes being widely used can be found in literature. This raises
the question, which one fits best to your application at hand.
To get rid of this scheme selection problem, a new concept
called Polymorphic Differential Evolution (PolyDE) is proposed.
PolyDE generalizes the standard schemes by a polymorphic
scheme. The mathematical expression of this polymorphic scheme
can be changed on symbolic level. This polymorphic scheme is
an adaptive scheme changing symbols based on accumulative
histograms and roulette-wheel sampling. PolyDE is applied to
four typical benchmark functions known from literature and
its performance is ranked between the top and middle region
compared to all standard DE schemes. Since PolyDE performs
not worse than the other schemes it can be used as alternative
to them solving this way the scheme selection problem. The best
performance is obtained for the multimodal functions.

Index Terms—Differential Evolution, Adaptive Scheme, Poly-
morphic Scheme, Polymorphic Equation, Polymorphic Symbol,
Scheme Selection

I. INTRODUCTION

In 1995 a new evolutionary algorithm for optimization
called Differential Evolution (DE) was introduced by Storn
and Price in [4]. The main difference to other evolutionary
algorithms is that the mutation process is guided by other
population members and not purely random. As stated in [6]
DE is a fast optimizer in terms of 'needed number of evaluation
steps’ to minimize a function.

If one wants to apply DE one has to specify several
parameters as well as to select a scheme. Specifying the
parameters is not that difficult since there are good defaults
proposed in [6] although other results revealed that the strategy
parameters are sensitive to the application at hand [2]. To solve
this, some authors [1], [3], [7] introduced adaptive DE variants,
which determine the parameters by themselfs so they don’t
need to be pre-defined. But only few work is done concerning
the scheme selection process. In literature 5 typical schemes
can be found being widely used. But, which one of them fits
best to your application? All your experiments need to be
conducted with each of these schemes to be sure.

In [3] the authors introduced a self-adaptive DE (SADE)
approach, which does not only adapt the strategy parameters.
It also automatically selects one out of two schemes based on
a probability p. Every 50 iterations this probability is updated
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based on success and failure rates of the selected schemes real-
izing this way an adaptive scheme selection process. Although
they reported good results, this approach has two restrictions:
(a) only 2 schemes are used and (b) schemes as a whole are
selected, i.e., they are the ’atomic units’ in this process. But
it is not known in advance whether one of the pre-defined
schemes fits to your problem or if a variation or new scheme
is needed.

Polymorphism is well-known in nature and refers to the
situation that organisms of a species can have more than
one phenotype. Computer viruses using polymorphic code
to fight against the pattern analysation performed by anti-
virus software are another example. These viruses change
their code while maintaining the same functionality. In this
paper polymorphism is transferred to algorithms, especially the
Differential Evolution optimiser. If the class of DE algorithms
is considered as a species, then different used schemes lead to
different DE instances, that is phenotypes, of this algorithm.

The main aim of the proposed concept called Polymorphic
Differential Evolution (PolyDE) is to get rid of the scheme
selection process. For this, an adaptive scheme with polymor-
phic capabilities is defined. This polymorphic scheme replaces
the standard scheme in DE and is capable of mapping all 5
standard schemes (and more) used in literature. Adaptivity is
realized on symbolic level changing the mathematical expres-
sion of the scheme based on success rates.

This paper is organized as follows. Section II introduces the
Differential Evolution algorithm. A concept of polymorphic
symbols and equations is introduced in section III. Based
on this, in section IV the Polymorphic Differential Evolution
approach is defined. In section V the conducted experiments
with some results are presented. Finally, in section VI some
conclusions are drawn.

II. DIFFERENTIAL EVOLUTION

Storn and Price introduced in [4], [5], [6] a real-valued
vector based evolutionary algorithm for optimization in con-
tinuos spaces they called Differential Evolution (DE). The
main idea employed is not to mutate vector components by
simply replacing their values by random values. Instead, two
population mates are randomly selected whose weighted differ-
ence is added to a third randomly selected population member
creating this way a mutant vector. Then, either a two-point
crossover ([4]) or a multi-point crossover ([6]) is performed
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between the mutant vector and the current population member
being considered. At the end, the new created offspring vector
(trial vector) replaces the current considered vector in the next
generation, iff its fitness is better. Otherwise, the trial vector
is discarded.

Notation. Let D be the dimension of the problem (i.e.,
the dimension of the search space ]RD), NP the number of
vectors and X¢ the set of vectors Xg = { x1.6, -, XnpG }
of generation G. Each vector x; g € X¢ is an element of the
search space (x; g € RP).

Typically, an upper and lower bound is defined for each
component j: (x)i‘ (lower bound) and (x)}J (upper bound).
Thus, for all indices j € {1,---,D} we have that (x;c); €
(0% ()Y,

The best vector of generation G (global best) is denoted by
Xpest,- To compute the objective value (or fitness) of a vector,
a fitness function F : RP? — R is used.

Initialization. Firstly, the generation counter G is set to 0.
Then, the initial population Xy is created by randomly creating
NP vectors x; . For this, each component (x;); of each vector
is taken from U((x)?, (x)y)

Iteration. The iteration works as follows. Firstly, for each
vector of the population a certain number of population mates
are selected randomly (typically 3 or 5). The number of these
selected mates depends on the scheme used to compute a
mutant vector v;. A well-known standard scheme using 3
population mates is shown in Eq. (1).

Vi = Xr +F(xr2 _xr3) (D

All selected mates need to be mutually different and also to
be different from the current vector x;. Secondly, the mutant
vector v; is computed using a scheme. Thirdly, a crossover is
performed between the mutant and the current vector leading to
a trial vector u;. Finally, this trial vector replaces the current
vector, iff its fitness is better. In pseudo-code this looks as
follows:

1. for all vectors x; g € Xg do:
1.1. Determine indices ry,ra,r3, -+ ~ U(1,NP) such that

£ £ErnFErsE
1.2. Compute mutant vector v; with a scheme, e.g., Eq. (1)
1.3. Create trial vector u; via crossover between current
and mutant vector.
1.3.1. Determine a random number for each vector com-
ponent: r ~ U(0,1)P
Randomly select an index to ensure that at least
one component undergoes crossover: d ~ U(1,D)

wi = ()1, (i) oo (i) )"
N i), ri<CRVj=d
wi={ Gy 7

rj> CRANj#d
1.4. Decide, which one goes to next generation:

. _ u; s F(u,) < F(X,"G)
hGH XiG , otherwise

1.3.2.

1.3.3.

2. G—G+1

There are three user-defined parameters, which are
application-dependent: (a) the mutation factor F as a real-
valued constant from [0,2] (but Storn also suggests in [6]
that F > 0), (b) the crossover probability CR € [0, 1], which
is applied to each vector component separately and (c) the
population size NP. In [6] the authors suggest to use the
following parameters as a first try: F = 0.5, CR = 0.1 and
5-D<NP<10-D.

Variants. There are several well-known schemes for com-
puting the mutant vectors. In this work the following schemes
were used as introduced in [5] (names are overtaken):

DE/rand/1 : Vi =Xp +F(xr, —Xpy)

DE/best/1 : Vi = Xpest + F (Xr, — xp,)
DE/rand-to-best : Vi =X + MXbest — Xpy ) + F (Xr, — xp;)
DE/current-to-rand : v = x; + A(xy, —x;) + F (%X, — Xpy)
DE/current-to-best :  v; = x;j + M Xpesr —Xi) + F (X, —X1,)

Parameter F has the same meaning as introduced in the
iteration part. The A parameter controls the greediness of the
appropriate scheme. Storn recommends in [5] to set A = F.

III. POLYMORPHIC SYMBOLS

In this work a symbol means each object or variable used
in terms or equations as for instance x, y and z in x+y = z.
A Polymorphic Symbol is a more abstract symbol, a 'meta-
symbol’, representing a finite set of symbols. To avoid term
confusions, symbols being used in terms or equations are called
variables, hereafter. Let V =< v{,---,vy > denote an ordered
list of N variables v;. Furthermore, let P =< py,---,py >
denote an ordered list of properties, whereby property p;
corresponds to variable v;.

Definition 3.1 (Polymorphic Symbol): A polymorphic sym-
bol S = (Vs,Ps,Cs) is comprised of a list of variables Vi,
their corresponding properties Ps as well as a determination
procedure Cs: {5} +— {v1,--,vn}. Procedure Cs gets a poly-
morphic symbol and returns a valid variable out of Vs. A
variable C(.5) is called a configuration of .

Example. Lets define a polymorphic symbol P = (Vp =<
x,y,z2 >,Pp =< 1,0,0 >,Cp). Furthermore, lets determine a
variable by Cp(?P) = argmax,,c,, ... ,,1(pi). This procedure
returns the variable whose corresponding property has the
highest value. The configuration of 7 can now be controlled
by manipulating its properties Pp. If we set Pp =< 1,0,0 >,
then Cp(P) =v; =x. For Pp =< 0,1,0 > we obtain Cp(P) =
vy =y. Finally, Pp =< 0,0,1 > leads to Cp(P) =v3; =z.

Polymorphic Equations. It is possible to define Poly-
morphic Equations, if at least one variable is replaced by a
polymorphic symbol. Lets take the example equation x+y =z
and lets replace the first variable by the configuration of
polymorphic symbol P:

Cp(P)+y=z (2)

Depending on Pp three different equations are now possible:
x+y=2z y+y=zand z+y =z If all variables are replaced
by polymorphic symbols P, P, and P; (defined similarily to
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P) we get
CT(Tl) +Crp(T2) = CT(fP3)

with 33 = 27 different equation configurations. Note that
the number of equation configurations is not necessarily the
number of different mathematical expressions. Lets assume
two different configurations (a) Cp(P) = x, Cp(P) = v,
Cp(P;) =z and (b) Co(P1) =y, Co(Pr) = x, Co(B;) =z
leading to the equations x+y =z and y+x = z, respectively.
Iff the + operator used is commutative, then both equation
configurations lead to the same mathematical expression.

The introduced concept of polymorphic symbols / equations
allows for adaptive equations. A method is able to adapt its
equations by itself by changing the properties of the used
polymorphic symbols.

IV. POLYMORPHIC DIFFERENTIAL EVOLUTION

The Polymorphic Differential Evolution (PolyDE) concept
replaces the typically used schemes by a polymorphic scheme.
A polymorpic scheme is a scheme, which uses only polymor-
phic variables (besides some scalars). Let Py, P, P, Py and
Ps be polymorphic symbols defined as:

Q)i:(v:<xi7-xbesﬁxri>aPT,‘ =< 15171>7C) (3)

Each 2, uses the same variables and determination proce-
dure. But each P has its own distinct property Pp, since all
variables are meant to be independently modifiable.

In PolyDE the properties Pp. are interpreted as accumula-
tive histograms. To get the configurations, these histograms
are sampled using roulette-wheel sampling. That is, C(B)

zi}g?;’jk. Thus, the higher
a histogram bin (Pp);, the higher the probability that the
corresponding variable v; is the configuration determined for
a given polymorphic symbol.

The polymorphic scheme to be used in step 1.2. of the
pseudo-code in section II is defined as:

returns variable v; with probability

vi=C(P) +MC(P) —C(B)) + F(C(B) —C(P5)) (D)

Note that all used standard schemes as given in section II
are special cases of this polymorphic scheme. Even the shorter
schemes without the A term can be mapped, if C(P;) = C(‘P3).
All together this polymorphic scheme is able to realize 3> =
243 different schemes. (Well, the question, whether config-
urations with C(P,) = x; = C(P3) are considered equivalent
to C(P,) = Xpesr = C(P3) and thus need to be subtracted, is
left to philosophers.) For instance, if one wants to realize the
standard scheme as given in Eq. (1), then one could set the his-
tograms the following way: Pp, =< 0,0,1 >, Pp, =< 1,0,0 >,
Pp, =< 1,0,0>, Pp, =< 0,0,1 > and Pp, =< 0,0,1 >.

Initialization. PolyDE is initialized the same way as stan-
dard DE (see section II). Additionally, all bins of the accu-
mulative histograms of all polymorphic symbols are set to
1 (Pp, = Pp, = Pp, = Pp, = Pp, =< 1,1,1 >). This way all
symbols have the same probability to be chosen.

Iteration. Basically, the iteration is the same as in standard
DE. What is different is the integration of the accumulative
histograms as well as the polymorphic scheme. Algorithm 1
outlines the whole iteration step: The first step is to initial-
ize the histograms for accumulating successful configurations
denoted as Sp. All successful trial vectors of an iteration are
considered. Then, for all individuals of the current generation a
mutant vector is computed. For this, five population mates are
selected randomly (ry,---,rs) being mutually different. These
five randomly chosen individuals (x,, G, - -, X5 c) together with
the current individual x;c and the global best xp.y G are
needed for the polymorphic symbols (remember the definiton
of V in Eq. (3)). Afterwards, the actual configuration of all
5 polymorphic symbols are determined using C(-). These
are hold in variables for the case of success to be able to
count the right symbols (a second call to C(-) could deliver
another symbol caused by the sampling process). Then, the
polymorphic scheme is now used to compute the mutant vector
v;. After this, the trial vector u; can be computed. Because for
each component of the vector an own decision is to make
whether or not to crossover, a random vector r is determined.
Additionally, a random index d is determined to ensure that
at least one component will undergo crossover. With r and
d the crossover between the mutant and current vector is
computed. In case that the obtained trial vector has a better
fitness it is overtaken to the next generation, otherwise it is
discarded. This implements a greedy strategy. If the trial vector
was successful, i.e., its fitness is better, then the configuration
c1,-++,cs5 used for the polymorphic scheme is counted. For
this, the appropriate histogram bins of the success histograms
Sp,,+,Sp are incremented. To determine the index number of
the bin for a given symbol in configuration ¢;, the indexof(-)
operator is used. This operator returns 1 if ¢; = x;, 2 if ¢; = Xpesr
and so on. Finally, after all individuals were processed, the
success histograms are added to the accumulative histograms
Pp, -+, Pp,. This accumulates all successful configurations
over all iterations realizing this way the adaptivity. The last
step is to switch the generation counter G to the next one.

V. EXPERIMENTS

To evaluate the capabilities of PolyDE, four typical bench-
mark functions as known from literature (Sphere, Rosenbrock,
Rastrigin, Griewank), representing all four combinations of
unimodal/multimodal with/without dependencies between the
variables, were chosen.

Sphere is the following simple unimodal function without
dependencies between the variables:

%

M=

fl<xi>) =
1
(=5.12,5.12)

f(<0,---,0>)=0

(Xmin ’ Xmax) =
Global minimum

Rosenbrock is also a unimodal function but it is a bit
more difficult as Sphere, because there are some dependencies

1816



Algorithm 1 Iteration of PolyDE

1: // Initialize histograms to count successful polymorphic symbols

2: Sp +—<0,0,0>
3: Sp, << 0,0,0 >
4: Sp, +—<0,0,0>
5: Sqp, << 0,0,0 >
6: Sp, —<0,0,0>
7:
8: // Update each individual in population
9: for all x;g € Xg do
10:
11:  // Compute mutant vector v;
12: ry,ro,r3,ra,rs ~U(L,NP) suchthat i#ri#£r#rs#ra#rs
13:
14 ¢ =C(P) // Determine configurations of polymorphic symbols
155 ca=C(P)
16: c3 = C(Tg)
17 ca=C(Py)
18: C5 = C(fP5)
19:
200 vi=ci+A(c2—c3)+F(ca—cs)
21:
22:
23:  // Create trial vector u; via crossover
24: U (0, I)D // Determine random number for each vector component
25:
2. d~U(1,D) // Random index to ensure that at least one component undergoes crossover
27:
. < j —
= (e ={ (G EENTE e
29:
30:
31:  // Overtake if better (Greedy Strategy)
32 if F(w;)) <F(xig) then
33: Xi,G+1 = Ui
34:
35: (82, )indexof(c1) < (82, )indexof(c;) + 1~ // Update success histograms
36: (STz)mdexof(cz) — (STz)mdexof(cz) +1
37: (ST3)index0f(c3) - (ST3)mdexof(c ) +1
38: (ST4)indexof(C4) — (ST4)mdex0f(C4) +1
39: (STs)mdexaf(c;) - (ST5)mdexo)‘( 5) +1
40:  else
41: Xi,G+1 = Xi,G
42:  end if
43:
44: end for
45:

46: // Accumulate success histograms
47: Prpl — PTI +Srpl

48: Pp, < Pp, +So,

49: Pp, < Pp, + Sep,

50: Pp, < Pp, + So,

51: Pp, < Pp, + S

52:

53 G—G+1
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between the variables. It’s defined as this:

n—1

D (100 (xi1 —x7)% + (= 1)?)
i=1
(—2.048,2.048)

Rastrigin is the following multimodal function without
dependencies between the variables:

f(<xi>) =

(Xmin B Xmax) =
Global minimum

10-n+ Y (xf —10-cos(2-7-x;))
i=1
(—5.12,5.12)
f(<07"'70>):0
Griewank is a multimodal function with strong dependen-
cies between the variables and is defined as follows:

fl<xi>) =

(Xmin 5 Xmu)c) =
Global minimum

n x2 n X
fl<xi>) = 1+ ' — | Jcos(—=)
’ l:zl 4000 E Vi
(Xmin ) Xmax) = (_600, 600)

Global minimum f(<0,---,0>)=0

For each of these benchmark functions, the PolyDE ap-
proach as well as the standard DE method with all 5 schemes
were conducted. We need to compare to all schemes, since our
main aim is to get rid of the scheme selection process. This
makes only sense, if PolyDE has at least a comparable per-
formance compared to all schemes considered. Furthermore,
the SADE scheme selection concept as introduced in [3] was
also considered. Because all compared methods use fix strategy
parameters, the SADE parameters were also set to the same
fixed values to avoid side effects by the adaptive parameters.

The experiments were conducted with a dimension of 30
for each benchmark function. For each benchmark function
100 independent runs with 1000 iterations were performed.
All methods (PolyDE, standard DE, SADE) used the standard
parameters: F = 0.5, A = 0.5 and CR = 0.1. The size of
population was set according to the 5-D rule (NP = 150).
In Table I the averaged results are presented.

The Sphere benchmark function is solved by all methods
in a similar manner. All have a perfect hit rate of 100%. The
only differences are the number of needed evaluations needed
to reach the goal. At this point the PolyDE method is slightly
better than all the others.

For Rosenbrock all methods produced a comparable fitness
as well as number of evaluation steps. The performance of
PolyDE is ranked in the middle.

The results for Rastrigin are quite interesting. On the one
hand the DE/rand-to-best method produces reliably a
very good fitness value, but on the other hand it never reached
the perfect solution. Contrary, PolyDE is the only method
being able to produce perfect solutions in 79%, but in non-
perfect cases it ranks only in the middle. Thus, both methods
are considered to be winners, although PolyDE needs fewer
evaluation steps to reach its goal.

The DE/rand-to-best method is the clear winner
for the Griewank function. The second and third places

go to PolyDE and the DE/current-to-best method.
Well, which one of both is the second best depends on
your criteria. If fitness is of greater interest, then it is
DE/current-to-best. But if the number of evaluation
steps is more important, then it is better to choose PolyDE. In
both cases PolyDE lies in the upper middle region.

Considered over all benchmark functions it can be stated
that PolyDE is never one of the worse methods. In two cases
(Sphere, Rastrigin) it is among the winners and in the other
two cases it is in the (upper) middle region. Note that PolyDE
belongs only to the winners for both functions having variables
without dependencies. For the functions with dependencies it
lies only in the middle. Furthermore, it seems that PolyDE
is advantageous for multimodal functions (especially those
without dependencies in the variables). Additionally, the results
in Table I show the differences in performance that can be
caused by pre-defined schemes. The same scheme can have
worse performance in one case and a better performance in
another case. But it is not known in advance, whether having
the one or other case. In particular this is true for unknown
functions. In PolyDE performance appears to be more fair and
we always have at least average performance.

VI. CONCLUSIONS

In this paper a new concept called Polymorphic Differential
Evolution (PolyDE) was introduced and applied to four typical
benchmark functions. Based on a concept of polymorphic
equations, the standard DE scheme was redefined to become
a polymorphic scheme. The mathematical expression of this
polymorphic scheme is changed on symbolic level based on
accumulative histograms and roulette-wheel sampling intro-
ducing this way adaptivity. This polymorphic scheme is able
to map all 5 standard schemes known from literature as special
cases. In this sense it is a generalization of DE schemes.

The main aim of this work was to get rid of the scheme
selection process in DE. Since the performance of PolyDE is
ranked either in the top or the middle region it can be used
as alternative to the standard DE schemes fulfilling this way
the main aim. Additionally, in 3 of the 4 benchmark functions
PolyDE needs fewer evaluation steps to reach its goal. The
best performance was obtained for both multimodal functions.
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