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Abstract. Knowledge about efficient usage of network resources is an
important prerequisite for user collaboration in a static networked envi-
ronment. Most of the network infrastructure internals cannot be directly
sensed by users, except traffic allowances and response times. Here we will
provide a technical approach for demonstrating to the user, how much
changing traffic flows can guide to better employment of the shared net-
work resources for all users together. The approach is based on order
theory and fairness relations. Using the maxmin fair dominance relation,
from its maximum set of maxmin fair states of random routings, the
element with the largest throughput will be chosen, to yield a fair rout-
ing. The reported experiments will demonstrate that, for example, for a
group of about 10 users, 500 samples are sufficient to report a suitable
fair traffic allocation to the users.

Keywords: maxmin fairness, network routing, heuristic method, fair
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1 Introduction

In the field of network design, consideration of fairness among collaborating
users is of high importance. For network fairness, there are two possible points of
view. The first is the network infrastructure point of view, such as traffic analysis,
smart routing and network resource allocation. For example, Nakamura et. al. [7]
proposed a global network measurement platform, which achieves a simultaneous
and efficient use of resources. The proposed global network measurement enables
integrated network monitoring functionality on-demand and adapts it to specific
application purposes. Mo and Walr [6] demonstrated the existence of fair end-
to-end window-based congestion control protocols for packet-switched networks
with first come-first served routers. They studied congestion control protocols
based on the concept of generalized proportional fairness. The infrastructure-
based network fairness research has a long history [4] and it is still a hot topic.
The second is the network user point of view. For example, an important factor
here might be the experienced response time of a network game, QoS in general,
or the sense of closeness in a social network. Verschae et al. [9] tried to improve
QoS in network systems based on partial user-supplied information. Considering



network fairness from user point of view means to evaluate user satisfaction.
Besides, once we can infer user satisfaction or intentions, the network system
can provide the best environment that individually suits to each user. At the
same time, users will be able to choose their traffic flows and routings in a similar
way like when people avoid traffic jams by using a car navigation system.

In this paper, we propose a criterion for fairness based on two-stage use of the
maxmin fair dominance relation. Thus, we can provide an evaluation method for
network fairness considering both, the infrastructure and the user point of view.
The approach is based on comparing a number of maxmin fair states of user
traffic for a number of randomly selected routings according to maxmin fairness,
then deriving its maximum set, and finally selecting the maxmin fair state with
maximum throughput from this maximum set.

In section 2, we will recall the necessary formal and technical background,
before proposing this Throughput Maximizing Fair State (TMFS) selection ap-
proach in section 3. The approach is validated by experiments given in section
4. The paper concludes with a short summary and an outlook.

2 Technical Background

In the following, we will focus on transportation networks (data networks, flow
networks, or communication networks). A network is represented as an undi-
rected graph G = (N,L) with node set N and link set L (allowing traffic flow
in both directions of a link, and the graph is assumed to be connected). There
is also a set P of m sender-receiver pairs pi = (si, ri), and each sender si wants
to send data flow (measured in amount per time unit, for example, the average
number of packets per time unit) to its corresponding receiver ri. Note that
sender and receiver may overlap, so traffic can be send from different senders
to the same receiver, or from the same sender to different receivers. For sending
traffic through the network, a loop-free sequence of links from each sender to
its receiver has to be specified. For connecting pair pi by a sequence of links Li,
the destination node of a link is the source node of the next link, the source
node of the first link is the sender si, and the destination node of the last link
is the receiver ri. Such a sequence of links is called a path. The total set of all
paths for all pi ∈ P is called a routing. For simplification, we will also refer to a
sender-receiver pair and their connecting path as a user of the network.

Furthermore we will assume that this user end-to-end traffic flow, also called
throughput , which can be send via a link is limited by a maximum capacity
cij for the link connecting nodes i and j. Thus, if for a specific routing several
sender-receiver pairs share the same link, then the maximum capacity is limiting
the sum of the traffics that can be send by all link-sharing senders together.

In order theory, for a given set A, a binary relation >r between elements
of A is a subset of A × A: a pair (x, y) belongs to this subset if and only if
x ∈ A is in this relation to y ∈ A (i.e. x >r y). Then, for each relation we can
define the maximum set and the best set subsets of A (both are possibly empty).
The maximum set contains all elements x ∈ A such that there is no different



y ∈ A with y >r x. The best set contains all x ∈ A such that for any other y
x >r y holds. For the standard size relation of real numbers, for example, both
definitions coincide, but for other relations, they will refer to different sets. In
many cases, the best set of a relation is usually empty, while the maximum set
usually contains more than one element.

A mapping from the set of all routings of all networks to subsets of all routings
of all networks is called a routing path selection. If these subsets correspond to
the maximum sets of a relation, following Suzumura and the case of social choice
theory [8], the routing path selection will be called rationalizable. Thus, the task
of routing path selection is two-fold: specify a rationale for the selection by means
of specifying a relation, and provide a method for finding (or approximating) the
maximum set of this relation among all routings as well.

2.1 Bottleneck flow control

To assign a traffic flow ti to each sender-receiver pair pi for a given routing, a
suitable control paradigm for the network is needed (in the following, the totality
of such traffic assignments for all users will be called a state). Usually this would
be an optimization task, for example maximization of the total throughput of
all sender-receiver pairs. But it is known for long that such a control paradigm
can lead to the exclusion of users. As a simple example, consider a routing where
one user u1 shares one link with capacity c with user u2, and one link with same
capacity c with user u3. If user u1 sends the flow t by such a routing, users u2

and u3 can each send at most c− t, and the total traffic is t+ 2(c− t) = 2c− t.
This value is maximal for t = 0, i.e. allowing no traffic for user u1 at all.
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Fig. 1. Scheme of the Bottleneck Flow Control algorithm. Starting from 0, traffic flows
are increased until they meet the first bottleneck, as for b1 and b5 who are assumed to
share a link. The process continues until all traffics are assigned.



To overcome this problem, a different way of assigning traffic by the so-called
Bottleneck Flow Control (BFC) has been proposed [3]. This algorithm will be
summarized here: the traffic flows (i.e. the state) will be assigned in an iterative
manner (see Fig. 1) starting with 0 for all users. Then, the value will steadily
increase as long as no sum of traffics at any link exceeds a maximum capacity.
But for some traffic flows, this will happen, and we meet a so-called bottleneck
(as between users 1 and 5 in the figure). So far, we have assigned the same traffic
to all users, but a further increase of same flows is no longer possible. So, the
increase for the users sharing the bottleneck link will be stopped, but it will be
continued for all other users (2, 3 and 4 in the example). Then, further increasing
the flow will fill another bottleneck (as for users 2 and 4 in the example), and
also these users have received the same traffic flows so far. The procedure will
continue, until all bottlenecks are filled.

We note that the implementation of the algorithm does not need the “flood-
ing” aspects, as the bottlenecks can be directly computed from the maximum
capacities. Nevertheless, the algorithm ensures a non-zero traffic assignment to
each user, avoids congestion at any link, and is such that groups of users receive
the same traffic flow as long as possible. Thus, the state at the end is consid-
ered a fair assignment of traffic to users [2]. This will be detailed in the next
subsection.

2.2 Fairness relations

We can now consider the maximum fair dominance relation [5] as a rationale for
the BFC result: among all states for a given routing, the state x is maxmin fair
dominating the state y if and only if for each i with yi > xi, there is at least
one j 6= i such that xj ≤ xi and yj < xj . Then, the state assigned by the BFC
algorithm is the best element of the maxmin fair dominance relation, and it is
also the only element of its maximum set.

Thus, the maxmin fair dominance relation can be used to compare different
states for the same routing. However, the same relation can also be used to com-
pare the maxmin fair states for different routings, and thus to compare routings.
This is the main proposal of this paper. By this rationale, there will also be a
maximum set of routings. So, if there is a method for generating different rout-
ings, we can consider this maximum set and use it as a means to select a routing
in a fair manner.

In this paper, we consider a simple approach to routing variation by employ-
ing the Dijkstra algorithm with random weights. Algorithms like the Dijkstra
algorithm, or the Floyd algorithm, given a weighted graph, assign a path between
each pair of nodes with a minimum sum of weights. If using random weights, we
will create random paths. Since the paths are related to a minimization criterion,
there will be a preference for shorter paths with a small number of hops. For
space reason, we cannot provide a detailed analysis of this relation here.

Since maximum sets may have more than one element, the final selection of
a single element can be based on a straight optimization point of view. In this



paper, we use the selection of the element of the maximum set of all routings
with largest sum of components.

3 Fair Routing Path Selection

In the proposed fair routing approach, the final goal is the selection of paths
connecting sender-receiver pairs, i.e. the routing. Practically, routing is usually
achieved by a shortest path selection procedure. This ensures a minimum number
of hops. However, according to a fairness criterion, this might not always be the
best choice, since the number of hops is not directly related to link capacity and
traffic congestion.

Here, we are focusing on an approach to routing path selection that can
take fairness into account, automatically avoids traffic link congestion, and is,
as the following experiments show, easy to compute for a localized segment of a
network.

We recall the following inferences that can be achieved by the algorithms
that were presented in the foregoing section:

1. Given the routing (i.e. graph G of the network, sender-receiver pairs P , and
their connecting paths), and the maximum capacities c, we can find the
maxmin fair state by the BFC algorithm.

2. Given a graph G, sender-receiver pairs P , and weights assigned to each link,
we can find a routing by Dijkstra’s algorithm by minimizing the sum of
weights along the paths connecting senders and receivers.

3. Given a set of states, we can find its maximum set for the maxmin fair
dominance relation by direct evaluation.

4. Given a set of states, we can find the element with the largest total sum of
throughputs by direct evaluation.

Now we link these inferences together by adding a randomization step, as it
is shown in Fig. 2 to achieve the proposed procedure.

Initially, we have a graph G, a set P of sender-receiver pairs, and maximum
link capacities for all links in the network.

At first, we generate a set of k random weight assignments to the links of the
network. These weights do not have a specific meaning, but they give the base
for the Dijkstra algorithm to find (shortest) paths for all sender-receiver pairs,
and thus assign a routing, one for each of the k random weights assignments
(inference 2).

For each of the k routings, we can find the maxmin fair state by the BFC
algorithm, assigning traffic flows to each user, and thus achieving a state for each
routing (inference 1). From these states, we can find the maximum set of the
maxmin fair dominance relation (inference 3), and from the maximum set, we
select the state with the largest sum of components, which is the “throughput
maximizing fair state” (TMFS) (inference 4).

After this procedure, given a network, sender-receiver pairs, and maximum
capacities, we have generated two things: a routing, i.e. a way of connecting



処理 (4)
処理 (3)で得られた Maximum Setに属する stateの中で，最大 Throughputの state

をThroughput Maxmizing Fair stateとして出力する．ここで，Throughputとは state =

(b1, b2, . . . , bp max)の各要素 bpの合計値
p max∑
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3.3.2 Dijkstra’s Algorithm

Dijkstra’s Algorithm[6]はあるノード nsから他ノードへの最短経路を計算量O(N2)で求
めるアルゴリズムであり，以下の手順から成る．

1. V ← ∅, d(ns)← 0, d(ni)←∞(ni ∈N − {ns})とおく．
2. V = N なら計算を終了する．そうでないなら，d(nmin i) = min{d(ni) | ni ∈ V̄ }と
なる nmin i ∈ V̄ を選択する．

3. V ← V ∪ {nmin i}とし，lmin i j ∈ Lかつ nj ∈ V̄ となる jに対して

d(nj) > d(nmin i) + wmin i jならば d(nj)← d(nmin i) + wmin i j ,pre(nj)← nmin i

として 2を再び実行する．

V̄ は V の補集合N − V を表す．path(sp, rp)は，ns = spとして上記のアルゴリズムを適
用することにより得られた関数 preから次の操作により得られる．

1. ni ← pre(rp)，path(sp, rp):ni → rpとする．
2. ni = spとなるまでを 3を行う．
3. ni ← pre(ni)，path(sp, rp)の起点ノードを niとする．

一つの path(sp, rp)を求めるためにDijkstra’s Algorithmを一回適用するため，一つのRout-
ingを得るにはDijkstra’s Algorithmを p max回適用する必要がある．
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Fig. 2. Inference scheme of the throughput maximizing fair state routing.

senders and receivers in the network (the routing that resulted into the finally
selected TMFS) and a state that assigns traffic to each user (the TMFS).

The method would be complete, if we could investigate all possible routings.
However, the number of possible routings in a network will grow rapidly with
network dimensions, and an exhaustive search is impossible with any reason-
able computational effort. Therefore, the possible routings are sampled here by
assigning random weights. As the used Dijkstra algorithm then is focusing on
paths with the smallest sum of weights, the approach nevertheless favors shorter
connections, and also avoids any loops in the paths.

4 Experiments

In this section, we will focus on the real-time applicability of the proposed ap-
proach. By the rapidly growing number of possible routings in a network, a
comparison to the real TMFS is impossible even for low network dimensions.
From the specificity of the approach, a direct comparison with other methods is
hardly possible as well, as maxmin fairness is not a relation that is maximizing
a numerical value.

We might rather ask about a reasonable number of samples (indicated by k
in the foregoing section), and how much increasing this number will affect the
final outcome of the sampling, i.e. the performance (sum of components) of the
TMFS. This was guidance for the design of the following experiments.

4.1 Size of maximum set

In this experiment, the size of the maximum set of the k maxmin fair states was
monitored when increasing the number k of states by a computer simulation.
Some example results are shown in Fig. 3. The used networks had 10 nodes,



were randomly connected by the Barabasi-Albert model [1], and each link had
a maximum capacity of 1001. At most 30 sender-receiver pairs were randomly
selected.

表 4.4 Sと |Maximum Set|の関係調査に用いるネットワークグラフ
要素名 定数 or 変数 値

ノード数N 定数 10
machineノード数M 定数 10
リンクに割り当てられた帯域の上限 cij 定数 100
ペア数 p max 定数 30

4.2.2 結果

提案手法に対して，Sと |Maximum Set|の関係を表 4.3に示す環境で調査した結果を図
4.2に示す．図 4.2には，spと rpの配置のみが異なる 10個のネットワークグラフをPattern1
～10と表記し，Pattern毎の Sと |Maximum Set|の関係を示している．各 Patternに該当
するネットワークグラフは付録Aに示す．
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Fig. 3. Size of maximum set vs. number of states for several network configurations.

We can observe a common pattern for the evolution of the size of the maxi-
mum set with increasing number of samples: it will nearly linearly increase with
the number of samples, but then, often, suddenly drop to a much smaller value.
After this, the increase may go on, but with a notably smaller slope. Then, for
given network dimension, we often have the strong drop before evaluating 1000
samples. Nevertheless, exceptions like patterns 4 and 10 of the figure are possible.

4.2 Maximum throughput

In addition to the observations from the first experiment, we still cannot know
how “far away” from the real maximum set we are, even after evaluating thou-
sands of samples. However, as we are selecting the TMFS at the end, the more
relevant question might be how strongly the sum of components of the selected
states will vary at all. This was the topic of the second experiment.

In the same configuration as the former experiment, we also computed the
maximum throughput (i.e. sum of components) of the maximum states. Figure
4 plots these values for the same cases as before, and it can be clearly seen that

1 The reason for choosing a constant here is to avoid biases caused by single links with
lower capacities that are not related to link sharing. The choice for the value 100 is
just for numerical convenience. All used operations here are scale-invariant.
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Fig. 4. Maximum throughput vs. number of states for several network configurations.

while the size of the maximum sets can vary greatly, their maximum throughput
does not. In each case, we even achieve comparable traffic flows.

This has a strong implication for the practical application of the procedure:
first, by using the Dijkstra algorithm, we focus on shorter and cycle-free paths;
second, by using the BFC algorithm and the maximum set of its different results,
we are focusing on a routing selection with fair traffic assignment; but third, we
will achieve a comparable performance even after evaluating a smaller number
of samples only.

As a result in the specific case of the experiment (10 nodes, 30 pairs) it can
be seen that k = 500 samples are sufficient for a fair routing selection with
throughput maximization at the end.

4.3 Computational effort

In this section, we want to compare the computational effort needed for the
various processing steps of the proposed approach. This is a necessary study
in order to evaluate the applicability of the proposed approach under real-time
conditions. The following set up was used: number of nodes |N | = 10, and
the networks were also randomly linked by the Barabasi-Albert model. The
maximum capacity of all links were set to 100, and the number of sender-receiver
pairs grew from 5 to 50 in steps of 5.

The computation times were measured on a PC with AMD Athlon R©64 Pro-
cessor 3200+ (2.00GHz), running Microsoft Windows XP Professional Version
2002 SP3. The PC had 1.00GB of memory, and the programming environment
was Java 1.6.0 23. The results can be seen in Fig. 5. There, the time in µs needed
to find pmax versus number of pairs used in the sampling is shown.

It can be seen that there is a linear increase in total processing time, as
well as for the main components “BFC” (largest share of processing time) and
“Dijkstra’s Algorithm” (the second largest share). Note that the processing time



4.1.2 結果

提案手法の処理全体と処理 (1)～(4)に対して，p max と処理時間の関係を調査した結果
を図 4.1に示す．また，具体的な数値データを表 4.2に示す．処理時間の測定は表 4.3に示
す環境で行った．
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表 4.2 p maxに対する各処理の平均処理時間 [µs]
hhhhhhhhhh測定対象

ペアの数 (p max)
5 10 15 20 25 30 35 40 45 50

Total 363.57 766.25 1217.86 1701.34 2209.13 2727.15 3268.41 3817.37 4366.31 4936.06
(1) Dijkstra’s Algorithm 147.55 248.94 356.29 461.39 560.43 663.72 764.24 862.33 964.61 1074.38
(2) BFC 204.74 502.94 844.43 1219.73 1626.06 2037.39 2476.19 2923.56 3367.59 3824.57
(3) Maximum Set 6.07 9.12 11.84 14.81 17.28 20.43 22.58 25.60 28.64 31.52
(4) Maximum Throughput 0.98 1.03 1.05 1.08 1.10 1.11 1.14 1.16 1.17 1.20

表 4.3 実験環境
CPU AMD Athlon (tm) 64 Processor 3200+ (2.00GHz)
OS Microsoft Windows XP Professional Version 2002 SP3
メモリ 1.00GB
使用言語 Java 1.6.0 23

4.1.3 考察

図 4.1と表 4.2から，p maxの増加に対して処理全体の処理時間は線形増加することが分
かった．また，処理 (1)～(4)の処理時間も p maxの増加に対して線形増加であることが分
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Fig. 5. Shares of processing time vs. number of pairs.

for Dijkstra’s Algorithm increases differently for the number of nodes, but here,
we are focusing on the number of pairs that send traffic through a network for
a fixed architecture.

The other shares are barely visible in the graph, in fact, the share for finding
the maximum set, and for selecting the largest throughput from the elements in
the maximum set can be neglected in comparison to the processing time needed
for the other steps.

5 Summary

The uncontrolled sharing of network resources can easily lead to unwanted situ-
ations for collaborating users, especially traffic congestion and response delays.
Often, the reasons for this are not transparent to the user (for example, the user
has no direct sensation of a “bottleneck” in a network, or the way her or his data
packets are routed). In fact, there are no objective bottlenecks in a network, as
present analysis has shown that a bottleneck is a virtual concept of congestion
models. The approach presented in this paper is suitable to report direct infor-
mation to the user that can be used to improve the efficiency of shared network
employment for all users together. The approach is based on fairness, more spe-
cific on the selection of the element with the largest total throughput from the
maximum set of the maxmin fair dominance relation for a probing sample of
random routings.

Once we have obtained this state, the further processing is open to some
choices. These days, routers (i.e. the nodes in the network graph) are not “in-
telligent” and do only what their name indicates: route the traffic, and drop



overexcess traffic packages. The fair traffic rates can be implemented by router
communication, but they can be negotiated between users as well. The main
desiderata here is that the user will realize that any attempt to increase traf-
fic in current network situation will cause other users (of her or his group) to
experience worse performance - this is ensured by the maxmin fairness definition.

The reported experiments demonstrate that, for example, for a group of
about 10 users, 500 samples are sufficient to report a suitable fair traffic alloca-
tion to users. Future work will focus on a more efficient sampling method, based
on meta-heuristics, and the extension of the concept by including the trade-off
with delay time in the relational approach. Also, we will have to provide more
efficient methods to generate representative routing samples with regard to a
following fairness evaluation.
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